We show that a post-recombination phase transition in the vacuum can lead to localized over-dense regions on relatively small scales, roughly 10 6 to 10 10 M⊙, potentially interesting for the origin of large black hole seeds and for dwarf galaxy evolution. Our study suggests that this mechanism could operate over a range of conditions which are consistent with current cosmological and laboratory bounds. One byproduct of phase transition bubble-wall decay may be extra radiation energy density. This could provide an avenue for constraint, but it could also help reconcile the discordant values of the present Hubble parameter (H0) and σ8 obtained by Cosmic Microwave Background (CMB) fits and direct observational estimates. We also suggest ways in which future probes, including CMB considerations (e.g., early dark energy limits), 21-cm observations, and gravitational radiation limits, could provide more stringent constraints on this mechanism and the sub-eV scale beyond-standardmodel physics, perhaps in the neutrino sector, on which it could be based. Late phase transitions associated with sterile neutrino mass and mixing may provide a way to reconcile cosmological limits and laboratory data, should a future disagreement arise.
I. INTRODUCTION
In this paper we investigate the potential consequences of new sub-eV scale physics, specifically the cosmological implications of a vacuum phase transition occurring after photon decoupling. The experimental revelation of neutrino mass and flavor mixing physics, and the puzzle of the origin of neutrino masses, provide speculative license for this investigation [1] [2] [3] [4] [5] [6] [7] , and lower energy-scale phase transitions in the early universe have been considered before [2] [3] [4] [8] [9] [10] [11] [12] [13] . While our considerations are generic and need not pertain exclusively to the neutrino sector, the work presented here attempts to connect this speculative vacuum physics both with emerging observational probes and with unresolved problems in cosmology, in particular the origin of the seeds for supermassive black holes.
Advances in observational astronomy in the last few decades have allowed us to probe objects and structure at high redshifts, opening up opportunities to examine the state of the universe at remote epochs. For example, observations have provided evidence for the existence of ultra-massive black holes (∼ 10 9 -10 10 M ⊙ ) at high redshifts (z ≈ 5-7) [14] [15] [16] [17] , corresponding to epochs where the universe was only of order a billion years old. Explaining the existence of these objects, in the context of a standard ΛCDM cosmological model with Gaussian initial fluctiations (presumably from inflation), remains a challenge, and there have been several attempts to address this question [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] .
Wasserman, in Ref. [9] , suggested a novel way of dealing with this problem, although the primary motivation behind that study was an attempt to explain the organization of large scale structure. That work outlined a mechanism through which a first order vacuum phase transition could gravitationally bind co-moving regions with scales small compared to the horizon size. In this paper we re-visit this Wasserman mechanism. We modify this mechanism, highlight the role played by the current observed vacuum (Dark) energy Λ, and show how it renders the binding process significantly more difficult to accomplish. Nevertheless, we demonstrate that this mechanism can produce non-linear regime fluctuations on scales roughly 10 6 -10 10 M ⊙ , at high redshifts (z ∼ 3-10, for a phase transition occurring at z ∼ 50-500), and is subject to constraint by current and future observations. We limit our analysis to phase transitions in the post-recombination era so as to bypass the complications associated with damping of density perturbations via radiation diffusion.
In section II we provide an overview of the local dynamics and conserved quantities in the expansion of the universe, and in sections III and IV we build on this and describe the Wasserman mechanism and the physics of cosmic vacuum phase transition nucleation in this context. Issues surrounding fluctuation binding and recollapse are discussed in section V. Observational and experimental constraints and probes are outlined in section VI, and conclusions are given in section VII, along with speculations about possible connections to neutrino physics.
II. BACKGROUND
We take the universe prior to the phase transition to be homogenous and isotropic and described by the Friedmann-Lemaître-Robertson-Walker (FLRW) metric. At any time t, the proper distance d(t) of a point on an imaginary spherical shell of co-moving radius r (e.g., Fig. 1 ), from its center, is given by d(t) = r a(t), where a(t) is the scale factor. The Hubble parameter is H(t) ≡ a(t)/a(t), whereȧ ≡ da/dt is the derivative of the scale factor with respect to FLRW coordinate time t. The location of the center of the shell can be chosen arbitrarily because of the spacetime symmetry, and is conveniently taken to be at the origin of our coordinate system. The evolution of the scale factor with time is given by the Friedmann equation, which can be derived from the homogeneity and isotropy symmetry of this spacetime via Birkhoff's theorem. In the context of an FLRW spacetime, for regions small compared to the causal horizon length, i.e., d (t) ≪ H −1 (t), Birkhoff's theorem implies that the "total mechanical energy" of a co-moving spherical shell is conserved. For a spherical shell of coordinate radius r, this condition can be written as
where G ≡ 1/m 2 P is the gravitational coupling constant, and m P ≈ 1.22 × 10 22 MeV is the Planck mass. The two terms on the left hand side of the equation can be interpreted as the kinetic and the "gravitational potential" energies of a test particle of negligible mass m on the spherical shell. Here ρ is the total mass-energy density. Dividing by mr 2 /2, we obtain the familiar Friedmann equationȧ
where we take k = −2E/mr 2 . The constant k is related to the spatial Ricci curvature scalar and can take the values ±1 or 0. The energy density ρ includes contributions from non-relativistic (ρ N R ), relativistic (ρ R ) and vacuum (ρ vac ) energy densities. Observational data suggest that our universe is "critically dense" [29] [30] [31] [32] [33] , corresponding to k = 0 in equation (2), i.e., zero total energy on any co-moving spherical shell. We can thus writė
The various components of energy density differ in the way they depend on the scale factor: ρ N R ∝ a −3 (follows from mass conservation); while ρ R ∝ a −4 (a consequence of Stefan-Boltzmann law); and ρ vac doesn't depend on the scale factor at all. Consequently, if we define the scale factor to be a(t i ) ≡ 1 at some initial time t i , then at any subsequent time t we havė
The relative mix of the various energy densities contributing to the gravitational potential will then dictate how a co-moving volume evolves with time.
III. TRANSITION DYNAMICS
Following Wasserman [9] , we assume that a first-order phase transition in the vacuum takes place at some epoch after photon decoupling. The transition causes separation of phases via a bubble nucleation process [34] [35] [36] , leading to relatively small, initially spherical density fluctuations, distributed more-or-less evenly in space. The vacuum energy density ρ vac is assumed to drop across the bubble wall, from an initial value ρ v in the unbroken phase, to its currently observed value ρ Λ ≈ 3.5 keV/cm 3 in the broken phase.
Consider the evolution of a bubble that nucleates at time t = t nuc , at the center of a co-moving spherical shell, i.e., at r = 0. As shown in Ref.s [34] [35] [36] [37] , the spherical bubble containing the broken phase expands outwards, quickly ramping up to relativistic speed, and "sweeping up" the vacuum energy (ρ v − ρ Λ ) from the surrounding unbroken phase onto its boundary (e.g., see Fig. 2 ). Another, perhaps more correct, interpretation of this phenomenon would be to identify the difference between the vacuum energies of the unbroken and the broken phase as a kinetic energy, which resides at the expanding phase boundary/bubble wall (not to be confused with the kinetic energy of the co-moving shells).
A. Shell crossing
Suppose the expanding bubble wall crosses a comoving spherical shell of coordinate radius r at some time t c (r) > t nuc . For t < t c (r), the equation of motion for the co-moving spherical shell has exactly the same form as equation (4) with t i = t nuc (let us define a(t nuc ) ≡ 1), and
A bubble of the broken phase (shaded) nucleates inside a co-moving spherical shell (dashed line) and expands relativistically. As it expands, it sweeps up most of the vacuum energy from the unbroken phase onto its wall (thick gray line).
ρ vac = ρ v . However, for t > t c (r) the expanding bubble wall carrying the swept-up vacuum energy has escaped the interior of the co-moving sphere. The equation of motion of the co-moving sphere therefore changes, as its kinetic energy is the same, but its gravitational potential energy is now smaller in magnitude. We now define the proper distance from the origin to the co-moving shell as d(t) = r a(t; r), where a(t; r) is the modified scale factor for that co-moving shell, inside the bubble volume. Using Birkhoff's theorem, the equation for energy conservation can now be written as (suppressing the mr 2 factors)
where the subscript ', n' on the energy densities indicates that they are being evaluated at t = t nuc , i.e., at the onset of the phase transition. As the energy swept up on the bubble wall escapes the interior of the co-moving sphere, the vacuum energy term in the gravitational potential drops from ρ v to ρ Λ , making the potential less negative. The co-moving shell thus becomes temporarily unbound, acquiring a positive total energy which appears on the right hand side in equation (5) . Upon simplification, we obtain the evolution equation for the modified scale factor a(t; r),
where a c (r) ≡ a(t c (r)) = a(t c (r); r).
FIG. 3.
The expanding bubble crosses the co-moving sphere and collides with an adjacent bubble. We assume that the bubble walls disintegrate as they collide, radiating away the swept-up vacuum energy (i.e., the kinetic energy of the bubble walls).
B. Energy redistribution
Suppose the expansion of the bubble wall stops at t = t f > t c (r) when it collides with an adjacent expanding bubble (e.g., Fig. 3 ). Let us assume (again, in tune with Ref. [9] ) that the bubble walls disintegrate, and the swept-up energy is redistributed via emission of some kind of radiation that quickly fills up the fluctuation region uniformly with a relativistic energy density ρ v − ρ Λ (which then begins to redshift away with the scale factor). We shall (for the most part) remain agnostic about the identity of this radiation, only assuming that all its couplings are weak enough to allow us to neglect any non-gravitational effects. Once the fluctuation region has been filled up, we can use Birkhoff's theorem again and write the condition for energy conservation as 1 2ȧ
The energy density (ρ v − ρ Λ )a 4 (t f )/a 4 (t) representing this leftover radiation now starts contributing to the gravitational potential, making it more negative. Therefore, to balance the books, the total energy, i.e., the right hand side of equation (7), also picks up an additional negative contribution −4πG(ρ v − ρ Λ )a 2 (t f )/3. Since a(t f ) > a c (r), it is immediately obvious that the total energy is now negative, which opens up the possibility of the spherical fluctuations becoming gravitationally bound and collapsing in on themselves. Simplifying the above equation yieldṡ
It may be noted that, in each of our equations of motion, all relativistic energy densities are seen to redshift with the universal scale factor a(t), rather than the local scale factor a(t; r). This is because as long as the radiation is sufficiently weakly coupled, any bubble-sized inhomogeneities in radiation density quickly get smeared out on timescales much shorter than the Hubble time. The relationship between the typical bubble size and the Hubble scale is elucidated in the following section.
IV. NUCLEATION SCALE
Previous studies have identified a characteristic size for the bubbles of the broken phase at the end of a first-order relativistic cosmological phase transition [34] [35] [36] 38] , provided certain conditions are met (such as the nucleating action depending on cosmological background quantities and having a certain functional form). It has been shown that the ratio of the typical bubble size at the end of the phase transition, to the Hubble length H −1 c at that epoch, is given by
where T c is the critical temperature (i.e., the temperature of the photon background at the onset of the phase transition). B 1 is the logarithmic derivative of the nucleating action in units of cosmological time t, and can be shown to be of O(1) or bigger (we have used B 1 = 1 in all our calculations). Equation (9), in its stated form, is strictly valid only for radiation-dominated epochs, but the differences between that and the more correct expression occur in the argument of the logarithm, and are therefore rendered insignificant because m P ≫ T c . The ratio of the typical bubble size to the Hubble length can thus be seen to scale only logarithmically with the critical temperature, and for T c ∼ 0.01-0.1 eV (which is the range we're interested in), the suppression factor is typically δ ∼ 1/300B 1 . The typical spatial extent of the fluctuation at the end of the phase transition can then be identified as
where the total energy density ρ c at the time of phase transition sets the Hubble scale at that epoch. The total mass enclosed within the fluctuation region is then given by M f ≈ (4/3)πR 3 f ρ N R,n , setting a weak upper limit on the mass that one might expect to collapse via such a mechanism. It turns out that the typical mass within a fluctuation region ranges from
11 M ⊙ across our parameter space. The reason for this being only a weak upper limit is that, in practice, only a fraction of this mass may become gravitationally bound, as we demonstrate in the following section.
V. BINDING AND RE-COLLAPSE
In Sec. III, we described how the process of energy redistribution via bubble nucleation can modifiy the equations of motion of a co-moving spherical shell within the fluctuation region. At the end of the phase transition, the Friedmann equation was seen to pick up the addi-
, which with Birkhoff's theorem could be interpreted as a binding energy on account of it being negative.
It can be shown that under specific circumstances, this binding energy can cause the expansion of the co-moving regions to slow down and eventually stop. The effectiveness of this mechanism can be characterized by identifying a timescale over which locally over-dense regions are formed. We can choose this to be the value of the FLRW time coordinate at which the expansion of a particular co-moving shell stops, i.e., when the time derivative of the local scale factor (equation (8)) associated with that shell drops to zero. We call this the "halting time" for that co-moving shell. Alternatively, we could look for timescales over which fluctuations of different sizes become non-linear, by finding the value of the time coordinate at which δρ/ρ N R = 1. Here, δρ is the difference between the non-relativistic matter density within a bound co-moving region and the average non-relativistic matter density throughout the universe, i.e.,
It is evident that the binding energy depends on the co-moving radius r (the dependence coming from the a 2 c (r) − a 2 (t f ) factor), and therefore the associated collapse timescales (halting time or time-to-nonlinearity) are also functions of r. And since r is directly related to the mass scale of the co-moving volume, it allows us to estimate the timescales over which co-moving regions of different mass tend to become over-dense.
A. Toy model analysis
Using a simple toy model we can demonstrate that, for the range of temperatures we're interested in, binding by this mechanism wouldn't be possible unless the vacuum energy density prior to the phase transition were at least a few orders of magnitude higher than its present value. To simplify matters, let us ignore the contributions to the Friedmann equation coming from relativistic energy densities (not totally unreasonable, since these redshift away quickly and thus become insignificant at late times). With that approximation, equation (8) reduces tȯ
where we have defined
. Now the expansion of the co-moving sphere halts when the right hand side of the above equation goes to zero. For that to happen, ρ BE has to be at least as large as the minimum value attained by ρ N R,n /a(t; r)+ ρ Λ a 2 (t; r) (e.g., see Fig. 4 ). Taking the derivative of this expression with respect to a(t; r) and setting it to zero implies that this minimum value is attained when a * (t; r) = (ρ N R,n /2ρ Λ ) 1/3 , which gives the minimum required ρ BE ,
FIG. 4. Cartoon illustrating the energetics associated with fluctuation binding. For binding to be accomplished, the kinetic energy has to go to zero, which can only happen if the total energy E total (horizontal dashed line) intersects the potential energy curve (Egrav, solid line). Cases (ii) and (iii) represent configurations which allow binding (with (ii) being right at the threshold), whereas case (i) depicts a situation where binding cannot be accomplished in spite of a negative total energy.
It is more instructive to represent this in terms of the ratio ρ BE /ρ Λ . The corresponding minimum value of this ratio necessary for binding is then given by
By using the observed closure fractions Ω N R and Ω Λ at the current epoch, the ratio ρ N R,n /ρ Λ at the time of phase transition can be expressed as a function of the critical temperature alone. ρ Λ is just a constant energy density, whereas ρ N R at any time is proportional to the cube of the temperature (inverse cube of the scale factor). Consequently, we can write
with the subscript '0' being used to denote the values at the current epoch. The minimum required ρ BE /ρ Λ in terms of the critical temperature is then given by
Since T 0 ≈ 0.23 meV, the minimum ρ BE /ρ Λ required for binding turns out to be ∼ 10
, it immediately follows that the ratio ρ v /ρ Λ has to be quite large for this mechanism to bring about binding. It can be shown that the quantity a 2 (t f ) − a 2 c (r) can at most be of the same order as the ratio of transition width to Hubble time, i.e., δ, as defined in Sec. IV. Quantitatively, it follows that a 2 (t f ) − a 2 c (r) is of order 10 −2 or smaller, implying that ρ v /ρ Λ has to be of order 10 6 or bigger. The numbers change slightly (by some O(1) factor) when relativistic energy densities are included in the calculation, but the principle remains the same. This equips us with the foresight to immediately exclude certain regions from our parameter space where fluctuation binding via this mechanism is theoretically impossible to accomplish.
B. Numerical calculations
Numerical results can be obtained by first integrating equation (6) from t c (r) to t f . This allows us to explicitly compute the quantity a 2 c (r) − a 2 (t f ) which can then be used in equation (8) . By integrating equation (8) numerically, we can look for regions of the parameter space that have an associated halting time/time-to-nonlinearity of the order of 1 Gyr or lower (a 1 Gyr cosmological time corresponds to a redshift z ≈ 5.5, whereas 2 Gyr and 0.5 Gyr correspond to z ≈ 3 and z ≈ 10, respectively). Fig. 5 shows contours of halting time and time-tononlinearity plotted against a parameter space consisting of two variables: the critical temperature T c in eV; and the early vacuum energy density ρ v in GeV/cm 3 (for comparison, the current observed vacuum energy density is about 3.5 × 10 −6 GeV/cm 3 ). For a given set of parameter values, the aforementioned timescales may be calculated for different co-moving shells, i.e., at different coordinate radii within the fluctuation volume (plots (a) and (b) in Fig. 5 ). These plots reveal that binding is favored at lower critical temperatures and higher values of early vacuum energy density. Also it can be observed that, within a fluctuation volume, the inner regions (smaller co-moving radii) become bound on shorter timescales compared to the outer regions (larger radii).
Since the coordinate radius is directly related to the mass enclosed within the co-moving volume (via M ≈ (4/3)πr 3 ρ N R,n ), we can associate a collapse timescale with a co-moving mass at each point in the parameter space. Fig. 6 shows how halting times vary with comoving mass for a few selected combinations of parameter values. It can be seen that co-moving regions of mass up to 10 9 M ⊙ could become over-dense on a timescale of order 1 Gyr via this mechanism. 
It should be emphasized that such timescales calculated by employing the Friedmann equations are only supposed to serve as a guide to the eye. Once the fluctuations become significantly over-dense, physics at smaller scales comes into play and can lead to fragmentation of the gravitationally bound co-moving volume. But even in that case, the viability of this mechanism in helping create seed black holes of mass 10 3 -10 6 M ⊙ at early redshifts cannot be ruled out. The objective behind this analysis is simply to demonstrate that formation of small, over-dense regions is a likely outcome of such a vacuum phase transition process, resulting in smaller timescales associated with the formation of supermassive objects, as compared to conventional cosmological models.
VI. OBSERVATIONAL CONSTRAINTS A. Contributions to closure fraction
As demonstrated in the previous section, bringing about binding via such a mechanism requires that the density of early vacuum energy be several orders of magnitude bigger than its current value. This immediately raises the question of how this would affect the observed closure fractions of the different energy densities at various epochs. For instance, the impact of the early vacuum energy could be assessed based on its contribution to the closure density at photon decoupling.
As can be seen from Fig. 7 , in our model, the closure fraction of early vacuum energy at photon decou- pling is independent of the critical temperature, and typically varies between 1-4 percent in the regions of the parameter space that are of interest to us. There have been a few attempts to constrain the closure fraction of early vacuum energy at recombination using CMB data [29, 30, 33, [39] [40] [41] [42] [43] [44] . At present, these limits, although model-dependent, are in the same ballpark as our calculated numbers (i.e., at the level of a few percent of the critical density). Future observations will likely have the potential to impose stronger constraints on our parameter space. A large value of early vacuum energy density could also affect the best-fit values of other recombination parameters, such as N eff . As described in Sec. III, we assume that the early vacuum energy in our model gets swept up onto the bubble walls, before disintegrating via conversion to some unknown relativistic particles. It is then possible to calculate the closure fraction of this leftover radiation at the present epoch, as illustrated in Fig. 8 .
There exist very strong constraints on the temperature and spectral shape (and consequently, the energy density) of the photon background [45] , and our calculated closure fraction throughout the parameter space appears too high to be consistent with these. This allows us to rule out the possibility of photons constituting a significant fraction of the leftover radiation. However, constraints on other forms of relativistic energy density ("dark radiation" -such as active/sterile neutrinos, or perhaps something more exotic) at the current epoch are not as strong. In fact, it has been argued [46] that extra radiation energy density can reconcile discordant values of H 0 and σ 8 inferred from CMB and other, more direct inferences, respectively.
The Wasserman mechanism that lies at the heart of our analysis requires that the swept-up vacuum energy decay into relativistic particles in order to bring about binding. However, this does not preclude the possibility of these particles becoming non-relativistic at late times as the universe cools, in a manner akin to the cosmic background neutrinos. In such a situation, these particles could contribute to the cold dark matter density at late times. Uncertainties associated with the CMBdetermined Ω CDM best-fit values hover typically around 1-2 percent of the critical density [29] [30] [31] [32] [33] 47] at the 1σ level, allowing for some room to maneuver in this regard.
B. Hubble paramater
Another way to express the contribution of the leftover radiation at late times is by looking at the impact it has on the Hubble parameter at various epochs. It follows from the Friedmann equation that the Hubble parameter a redshift of z is related to the closure density as
where ρ(z) is the closure density of the universe at that epoch, consisting of contributions from non-relativistic matter, radiation and vacuum energy densities. Consequently, the additional energy density coming from the leftover radiation can influence the Hubble parameter by contributing to the right hand side of equation (17) . Fig. 9 shows what the contours of the current Hubble parameter would look like in our model across the parameter space. Non-relativistic and vacuum energy densities used for this calculation were adopted from WMAP9+eCMB+BAO+H 0 results [31, 32] . Neutrinos were approximated as massless. The impact of the leftover radiation can be gauged by observing the shift in H 0 from its best-fit ΛCDM value of 69.32 km s −1 Mpc −1 , determined using data from the above surveys.
Quite clearly, the difference between the calculated H 0 in our model and the CMB-derived best-fit, is minimum in the lower right-hand corner of the parameter space, i.e., at higher critical temperatures and smaller values of early vacuum energy density. And as Fig. 8 demonstrates, this also corresponds to a smaller leftover radiation closure fraction. The calculated H 0 values may also be compared to direct low-redshift observational estimates using Type Ia supernovae and Cepheid variable stars [48, 49] .
It is also possible to measure the Hubble parameter at relatively high redshifts, e.g., z ≈ 2.36, using QuasarLyman α forest cross-correlations. Font-Ribera et al., in Ref. [50] , calculate H(z = 2.36) = 226±8 km s −1 Mpc −1 . Extrapolating the ΛCDM best-fit value from CMB observations (WMAP9+eCMB+BAO+H 0 ) to that redshift gives H(z = 2.36) ≈ 236 km s −1 Mpc −1 , consistent with the above result to within error. The same procedure can be applied to our cosmological model to calculate the corresponding H(z = 2.36) values across the parameter space, as shown in Fig. 10 .
It can be seen that a large chunk of our parameter space is consistent with direct observations at that redshift to within 2-3σ. However, comparing Figs. 9 and 10 tells us that the higher we go in redshift, the tighter these constraints get. This is understandable, since the contribution from the leftover radiation is much more significant at higher redshifts (e.g., see Fig. 13 ). Other techniques with future very large telescopes may be able to obtain the Hubble parameter at even higher redshift, z ∼ 5 [51] . Such observations in the future would rep- resent a promising avenue for further constraining our model.
C. Scale factor evolution and age of the universe
We have shown that the closure fractions of early dark energy at recombination and the leftover radiation at the current epoch can be restricted to a few-percent level in certain regions of our parameter space. However, it turns out that, at epochs close to the phase transition, these components of energy density can in fact be the dominant ones. Fig. 11 shows contours of closure fraction of early dark energy in our model at T = T c . The contribution of early dark energy to the closure density at the critical temperature can be seen to vary across our parameter space from about 20% to more than 99%.
Introducing this epoch of prodigious vacuum energy contribution at around z ∼ 100 affects the time-evolution of the overall scale factor a(t). Understandably, this effect is minimal in regions of the parameter space where the amount of vacuum domination, as well as the duration of the vacuum-dominant epoch, are relatively small. Fig. 12 shows how the relative mix of the various components of energy density changes with time in the standard model, whereas Fig. 13 does the same in the context of our cosmological model. It is clear that a higher critical temperature (i.e., an earlier phase transition) is associated with a lower vacuum energy contribution at the epoch of the transition, and a smaller duration of vacuum-energy domination. This can also be illustrated by comparing the time-evolution of the universal scale factor a(t) in our model (for various parameter values), with the standard ΛCDM cosmological model, as shown in Fig. 14 . The scale factor has been rescaled in order to have a = 1 at the present epoch. It can be seen that for T c = 0.05 eV, the deviation of the scale factor evolution curve from its standard model counterpart is a lot less, as compared to T c = 0.03 eV. Apparently, a higher critical temperature serves to mitigate the effect of a large early vacuum energy density.
The plot in Fig. 14 can be used to infer the age of the universe in our model, by reading off the value of the time-coordinate (x-axis) when the scale factor becomes unity. For the case where T c = 0.03 eV and ρ v = 38 GeV/cm 3 , the age can be inferred to be about The solid, dotted and dashed lines represent non-relativistic, primordial relativistic and vacuum energy densities, respectively, whereas the dotdashed line represents the leftover radiation from the phase transition. Notice how the vacuum energy density peaks at T = Tc, then suddenly plummets to a nearly zero closure fraction (as most of it gets converted to relativistic particles), before eventually becoming significant again at late-times.
12.7 billion years, whereas for T c = 0.05 eV and ρ v = 76 GeV/cm 3 , it increases to 13.3 billion years. The apparent disharmony between these numbers and the best-fit CMB prediction (i.e., 13.8 Gyr), must not be taken too seriously, for the latter measurement is predicated on the assumption of the universe having followed a standard ΛCDM-based evolutionary track throughout its history. The consistency of these calculated numbers with independent limits on the age of the universe, derived using nucleo-cosmochronology [52, 53] , main-sequence turnoff in globular clusters [54] , and white dwarf cooling [55, 56] , may be noted. As of today, the tightest of these inde- pendent limits comes from observations of the oxygento-iron ratio in the ultra-metal-poor halo subgiant star HD 140283, coupled with stellar evolution theory. Bond et al., in Ref. [57] , estimate the age of the star to be 14.5 ± 0.8 Gyr, where the uncertainty is part statistical and part systematic.
D. Perturbations on the CMB temperature map
The density fluctuations generated via such a phase transition can appear as inhomogeneities in the CMB temperature map. Based on a simple Sachs-Wolfe argument, we can estimate the relative amplitude of these perturbations to be
where R f is the typical size of the density fluctuation, E f is the total enclosed mass-energy inside the fluctuation volume, and ρ c is the closure density at the epoch of the phase transition. Substituting the expression for R f from equation (10), we obtain
We conclude that the relative perturbation amplitude depends only logarithmically on the critical temperature, and following our calculation in Sec. IV we can write
Since B 1 is always ≥ O(1), the perturbations in the CMB temperature stemming from these small scale inhomogeneities would fall within the observed upper bound of about one part in 10
5 [29-33, 58, 59] , irrespective of the critical temperature.
E. Other constraints
The late-time phase transitions we study here would result in moving around significant amounts of massenergy. This potentially opens up other avenues for constraint, for example through observational probes of very low frequency gravitational radiation, or from the highredshift distribution of baryons as inferred from future radio observations of redshifted 21-cm radiation.
Vacuum phase transition bubble wall dynamics and mergers ("percolation") would generate gravitational radiation [60] [61] [62] [63] [64] . For the scenarios presented here, the characteristic frequency of this radiation would be of order the inverse nucleation scale, redshifted to the current epoch appropriately, i.e.,
, where z c is the redshift of the phase transition epoch. For z c ∼ 100, one would expect ω 0 ∼ 10 −14 -10 −13 Hz. Using results from the above references, it is also possible to estimate the characteristic amplitude of the resulting gravitational wave spectrum at its typical frequency (see also Ref. [65] for a general review). For a vacuum phase transition, the ratio of the liberated gravitational wave energy E GW , to the total vacuum energy E vac , is given by
where β ∼ δ −1 H c is the inverse nucleation scale. With this, the closure fraction of gravitational waves at the time of the phase transition is [
, where the subscript 'c' indicates that the quantities are being evaluated at T = T c . This can be extrapolated to the current epoch to obtain
The characteristic amplitudeh(f ) of the signal at a frequency f can then be calculated usinḡ
where Ω GW (f ) is the gravitational wave energy contribution to closure per unit frequency octave at the frequency f . Using f ∼ ω 0 , and approximating Ω GW (ω 0 ) ∼ Ω GW (i.e., most of the energy density being concentrated around the peak frequency), we obtain a characteristic amplitudē
Although this amplitude is seemingly quite substantial, the frequencies are too low for envisioned future gravitational radiation observatories like LISA. However, the nucleation event and bubble wall decay processes are complex, with a range of bubble sizes and percolation scales, so that a continuum of gravitational radiation extending to frequencies well above ω 0 may be expected, albeit with low amplitude. The only conceivable probe of the higher frequency end of this radiation spectrum would come from precise timing of compact neutron star binary systems, or precision Doppler tracking of spacecraft [66] [67] [68] [69] [70] [71] , the former of which conceivably could push into the nano-Hetz frequency band [72] . Of course, direct collapse of massive nonlinear perturbations to black holes at redshift z ∼ 10 and their subsequent mergers at lower redshift conceivably could be detectable in LISAlike experiments [73, 74] . Ref. [75] gives a summary of the future methods for potentially detecting low-frequency gravitational radiation, along with their expected sensitivities across the frequency spectrum.
Low frequency radio array observations targeting redshifted 21-cm radiation from the very early universe are more promising as a means of constraining late phase transitions. These studies promise a direct, threedimensional probe of structure formation from redshift z ∼ 200 through the epoch of re-ionization at redshift z ∼ 6 [76] [77] [78] [79] [80] . Extracting a high-redshift matter power spectrum from the low frequency radio data seems possible, if tricky because of foreground sources [81] [82] [83] . Many of the late phase transition scenarios discussed here might distinguish themselves from standard ΛCDM structure formation through an earlier progression to nonlinearity on the relatively small scales that we are interested in.
VII. CONCLUSION AND SPECULATIONS ON NEW NEUTRINO SECTOR PHYSICS
We have discussed how a first-order cosmological vacuum phase transition in the post-recombination era could potentially influence the growth of objects and structure at late times. We have examined various avenues through which the parameters of our cosmological model could be constrained using current and future observational data, especially from CMB observations, and potentially from future gravitational radiation experiments and redshifted 21-cm radiation observations. We conclude that perhaps the most sensitive constraints on, or probes of, these scenarios may come from the arguments about the content of radiation energy density at late epochs as derived from a comparison of CMB-and directly-derived cosmological parameters, especially the Hubble parameter H 0 , and measures of overall large-scale structure power normalization, e.g., σ 8 . That extra radiation energy density can effect such a reconciliation has been pointed out by Wyman et al., in Ref. [46] .
We have pointed out that such a process could result in an enhancement in power at relatively small scales (∼ 10 6 -10 9 M ⊙ ). In addition to possibly boosting the growth of supermassive black holes at early redshifts, this could also have an influence on the evolution and distribution of dwarf galaxies within larger galactic halos. Discrepancies between the results of numerical simulations and the observed disribution of dwarf-galaxies, such as the "missing satellites" and the "too big to fail" problems, have been well documented [84, 85] . While it may seem that, on the face of it, such a cosmological model would worsen the missing satellites problem, it is quite difficult to draw definitive conclusions until sophisticated numerical simulations are carried out with all of this speculative new physics built into the code. As mentioned earlier, fragmentation of the collapsing fluctuations might ensue, making it difficult to predict the exact scales at which the enhancement in power may occur. One could also potentially play around with different scenarios, combining late phase-transition dynamics with different dark matter models, such as warm or selfinteracting dark matter.
Obviously, such a vacuum phase transition would have to be associated with new fundamental physics at sub-eV scales. A glance at Figs. 5 and 8-10 would suggest that the sweet-spot within our parameter space with associated collapse timescales of O(Gyr), and which isn't yet ruled out by observations, lies in the region corresponding to T c ∼ 0.03-0.05 eV, numbers that are roughly in the same range as the likely neutrino absolute rest mass values. One could thus envisage that the leading suspect for something new at this energy scale would have to be the neutrino sector.
Though we know the neutrino mass-squared differences and three of the four parameters characterizing the vacuum unitary transformation between the neutrino mass states and the weak interaction (flavor) states, we do not know the neutrino absolute rest masses, and we do not even know the mass-ordering of the neutrino rest mass eigenvalues, i.e., the neutrino mass hierarchy. Additionally, the very existence of non-zero neutrino rest masses invites speculation about so-called "sterile" neutrinos, and these might not be sterile at all by virtue of their vacuum mixing with ordinary active neutrinos. Recent experiments have been interpreted as potentially bolstering the case for sterile neutrino species with rest masses in the ∼ 1 eV range [86] . Ref. [87] gives an overview of the current state of neutrino physics and the prospects for future laboratory and cosmological probes of this sector of particle physics.
Progress in probing neutrino mass/mixing and ster-ile neutrino physics from astrophysical considerations revolves around five current or coming developments [88, 89] : (1) high precision baryon-to-photon ratio determinations from the CMB; (2) high precision determinations of the ratio of relativistic-to-nonrelativistic particle energy density at the epoch of photon decoupling, i.e., N eff ; (3) high precision CMB determinations of the primordial helium abundance; (4) high precision determinations of the primordial deuterium abundance; and (5) CMB-and large scale structure-determined values of the sum of the light neutrino masses m ν . Taken together, these data will provide constraints on relic neutrino number densities and energy spectra. This will be especially constraining for a putative sterile neutrino sector.
For example, sterile neutrinos with sufficiently large vacuum mixing with active species could have relic energy spectra and number densities that are comparable to those of ordinary active neutrino species, so long as the net lepton number in the universe is small enough [90] . Given (1), their higher masses and the extra energy density they add in early epochs may cause a standard cosmology with these particles to run afoul of one or more of the observationally-determined points (2)- (5) listed above [91] . We can speculate on what modifications to standard cosmology could reconcile (1)- (5) with such light sterile neutrinos with large vacuum mixing with active species. One way out might be a large net lepton number [90] , albeit one below the current bounds. These bounds currently come from the primordial helium abundance [91, 92] . Future CMB polarization measurements are forecast to provide even more stringent bounds, e.g., see Ref. [93] .
Another way out could be a vacuum phase transition, occurring after photon decoupling, in which neutrinos acquire mass and flavor mixing. At earlier epochs the active and sterile neutrinos would not mix and, as a result, the sterile neutrino sea would not be populated by oscillations. This would lead to N eff , light element abundances, and the active neutrino relic number densities and energy spectra (and hence m ν ), all being essentially identical to what would be expected in a standard cosmology without a light, large-mixing sterile neutrino species.
One might be tempted to associate such a low energy scale mass/mixing-generating phase transition with a symmetry breaking event. In that case, however, there would have to be some mechanism, perhaps large lepton number density, that suppresses restoration of that symmetry in the sun (central temperature ≫ T c ), where we know neutrino flavor mixing occurs. Likewise, detections of future core collapse supernova neutrino burst signatures might reveal neutrino flavor mixing processes and provide yet another probe of sub-eV scale physics in the neutrino sector.
Obviously, such neutrino mass/mixing-generating vacuum phase transitions seem speculative and contrived at this point. However, future experimental and observational data may force us to take these models more seriously -or rule them out. As discussed in this paper, latetime phase transitions are wide open to constraint via current and near-future observations. There is much that remains mysterious about the origin of neutrino mass, the possible existence and mass/mixing scales of sterile neutrinos, many other issues in sub-eV scale particle physics, and the physics of the vacuum. Astrophysical considerations may be a key way to get at this physics.
